Abstract. We give a complete enumeration of all 2-neighborly 0/1-polytopes of dimension 7. There are 13 959 358 918 different 0/1-equivalence classes of such polytopes. They form 5 850 402 014 combinatorial classes and 1 274 089 different f -vectors. It enables us to list some of their combinatorial properties. In particular, we have found a 2-neighborly polytope with 14 vertices and 16 facets.
Introduction
A 0/1-polytope is a convex polytope whose set of vertices is subset of {0, 1} d . For beautiful introduction to the world of 0/1-polytopes, we refer to Ziegler [17] . Some recent results can be found in [10] . The classification of all 1 226 525 different 0/1-equivalence classes of 0/1-polytopes of dimension 5 was done by Aichholzer [1] . Also he completed the classification of 6-dimensional 0/1-polytopes up to 12 vertices. Recently, Chen and Guo [4] computed the numbers of 0/1-equivalence classes of 6-dimensional polytopes for each number of vertices k ∈ [13, 64] . But nowadays it is too hard to list all these ≈ 4.0 · 10 14 classes and investigate their properties explicitly. (If every polytope will ocupy 8 bytes, then all the database will take about 3 petabytes.) Thus, it makes sense to focus on some interesting families of 0/1-polytopes.
A convex polytope P is called 2-neighborly if any two vertices form a 1-face (i.e. edge) of P . There are at least two reasons for investigation of 2-neighborly 0/1-polytopes:
(1) Let P d,n is a random d-dimensional 0/1-polytope with n vertices. In 2008, Bondarenko and Brodskiy [3] showed, that if n = O(2 d/6 ), then the probability Pr(P d,n is 2-neighborly) tends to 1 as d → ∞. Similar results are obtained by Gillmann [10] . (2) Special 0/1-polytopes, such as the cut polytopes, the traveling salesman polytopes, the knapsack polytopes, the k-SAT polytopes, the 3-assignment polytopes, the set covering polytopes and many others have 2-neighborly faces with superpolynomial (in the dimension) number of vertices [6, 14, 15] .
We enumerated and classified all 13 959 358 918 0/1-equivalence classes of 7-dimensional 2-neighborly 0/1-polytopes. It enables us to investigate extremal properties of these polytopes. For example, we have found a 2-neighborly polytope with 14 vertices and 16 facets. This is the first known example of a 2-neighborly polytope (except a simplex) whose number of facets is not greater than the number of vertices plus 2.
In [1], Aichholzer stated the question about the maximal number N 2 (d) of vertices of a 2-neighborly d-dimensional 0/1-polytope. He showed that N 2 (6) = 13, 18 ≤ N 2 (7) ≤ 24, N 2 (8) ≥ 25, N 2 (9) ≥ 33, N 2 (10) ≥ 44. We improve these estimations: N 2 (7) = 20, 28 ≤ N 2 (8) ≤ 34, N 2 (9) ≥ 38, N 2 (10) ≥ 52.
The entire database occupies about 1TB. The part of it (in particular, all 6-polytopes) and the list of all f-vectors are available at https://github.com/maksimenko-a-n/2neighborly-01polytopes.
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Every 0/1-polytope is a convex hull of a set X ⊆ {0, 1} d . Since the natural way for defining a 0/1-polytope is the defining its set of vertices X, in the following we will frequently call X by a "polytope", having in mind the convex hull conv(X).
We will use the following trivial facts. Every 0/1-polytope conv(X), X ⊆ {0, 1} d , is the convex hull of a 0/1-polytope conv(X \ {x}) and a vector x ∈ X. The same is true for 2-neighborly polytopes. Let P be a 2-neighborly polytope and X = ext(P ) be its set of vertices. Then for every x ∈ X the polytope conv(X \ x) is also 2-neighborly. Thus, we can enumerate 2-neighborly 0/1-polytopes iteratively, starting with a polytope consisting of a single point and adding one point each time.
Two polytopes are 0/1-equivalent if one can be transformed into the other by a symmetry of the 0/1-cube. More precisely, this transformation means the using of two operations: permuting of coordinates and replacing some coordinates x i by 1−x i (switching). Thus, one 0/1-equivalence class can contain up to 2 d d! of 0/1-polytopes of dimension d. The 0/1-equivalence implies affine and combinatorial equivalences [17, Proposition 7] .
Every 0/1-vector x = (x 1 , x 2 , . . . , x d ) ∈ {0, 1} d can be associated with the binary number "x 1 x 2 . . . x d ". Thus, every 0/1-polytope X ⊆ {0, 1} d can be naturally associated with the sequence of such binary numbers sorted in increasing order. Let C be a 0/1-equivalence class (a set of polytopes). A polytope X ∈ C is called a representative if it is lexicografically less than any other polytope Y ∈ C. For a given 0/1-polytope Y , the appropriate representative(Y ) can be found with a straightforward branch and bound algorithm.
Therefore, for enumeration of 2-neighborly 0/1-polytopes we can iteratively use the algorithm 1. In the first step, T 1 contains only one polytope {(0, . . . , 0)}.
For testing 2-neighborliness of a 0/1-polytope X ⊆ {0, 1} d we use the ideas described in [1, Sec. 2.2]. Let v, w ∈ X and we want to check the adjacency of v and w in conv(X). First of all, we switch X to Y = {x ⊕ v | x ∈ X}. (Here, ⊕ is a coordinatewise XOR operation.) Hence, v will be switched to 0. It is easy to prove that the vertices 0, y ∈ Y form an edge of a polytope Y iff they form an edge of a polytope Z = {z ∈ Y | z ∧ y = z}. (Here, ∧ is a coordinatewise AND operation.) Thus, we have to check whether y is in the conical hull
Namely, vertices 0 and y form an edge in Z iff y / ∈ cone(Z). The cheking of y / ∈ cone(Z) can be done by solving the corresponding linear programming problem. We did it with COIN-OR Linear Programming Solver [5] .
We have run this algorithm on the computer cluster of Discrete and computational geometry laboratory of Yaroslavl state university (https://dcgcluster.accelcomp.org). The cluster has a hundred 2.9GHz-cores. After several weeks of computations we had got the rezults collected in Table 1b . Every 0/1-vector x ∈ {0, 1} d , d ≤ 8, we store as a 1-byte integer. Thus, a polytope with n vertices occupies n bytes and all the database about 173GB.
Our results for the dimension 6 coincide with Aichholzer database [1] . In addition, we enumerate all 2-neighborly 0/1-polytopes of dimension 6 with 13 vertices.
Evaluating of combinatorial types and f-vectors
It is well known (see e.g. [13] ) that the combinatorial type (face lattice) of a polytope P with vertices {v 1 , . . . , v n } and facets {f 1 , . . . , f k } is uniquely determined by its facet-vertex incidence matrix M = (m ij ) ∈ {0, 1} k×n , where m ij = 1 if facet f i contains vertex v j , and m ij = 0 2
Algorithm 1: The enumeration of 2-neighborly 0/1-polytopes Input : the dimension d, the array T n of 2-neighborly 0/1-polytopes with n vertices (every polytope is an array of n 0/1-vectors) Output: the array T n+1 of 2-neighborly 0/1-polytopes with n + 1 vertices otherwise. Thus, polytopes are combinatorially equivalent iff their facet-vertex incidence matrices differ only by column and row permutations. For every polytope in our database we computed its facet-vertex incidence matrix M by using lrs [2] . This evaluation takes about 10 days on the computer cluster with 32 cores. After that, for every matrix M , we computed the canonical form of a vertex-facet digraph of M by using bliss [12] (as it was done in [7] ). This evaluation takes about 2 days on the computer cluster with 32 cores. Having sorted canonical forms, we have splitted all the polytopes into combinatorial equivalence classes.
For computing f-vector of a polytope from its facet-vertex incidence matrix, we used Kaibel&Pfetsch algorithm [13] and modified it for the case, when the number of vertices is small (an incidence matrix row can be stored in a 32-bit integer). The computing of f-vectors of all polytopes took about two weeks on the cluster.
The results of these computations are collected in Tables 2-4 . We enumerate only fulldimensional 0/1-polytopes, since any nonfull-dimensional 0/1-polytope is affinely equivalent to some full-dimensional one [17] .
To give an idea of the magnitude of the obtained numbers, we give a couple of examples: f-vector (13, Table 4 . Full-dimensional 2-neighborly 0/1-polytopes of dimension 7
For every combinatorial type, we store its facet-vertex incidence matrix. If the number of vertices (columns of the matrix) is not greater than 16, one row of the matrix occupies 5 2 bytes. The average number of facets (rows of the matrix) is 97. Thus, all combinatorial types occupy about 1TB. The part of the database (in particular, all 6-polytopes) is available at https://github.com/maksimenko-a-n/2neighborly-01polytopes. The full information can be requested from the author (by e-mail).
d-Polytopes with d + 3 vertices
Combinatorial types of d-polytopes with d + 3 or less vertices can be enumerated by using Gale diagrams [11, Chap. 6] 
The combinatorial type of every d-polytope with d + 3 vertices is defined by the appropriate reduced Gale diagram or wheel-sequence [9] . We don't list here the properties of these interesting objects, since it was done in [11, 9, 16] . The results of enumerating wheel-sequences by a computer are collected in Table 5 1, 0, 1, 1, 0, 1, 0, 1,  1, 1, 1) . It has f-vector (8, 28, 50, 44, 16 ) and its facet-vertex incidence matrix has two columns with 12 ones as opposed to other polytopes with the same f-vector. The third polytope can be represented by the wheel-sequence (0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 0, 1, 1, 1) . It has f-vector (8, 28, 51, 47, 18) and its facet-vertex incidence matrix has a column with 14 ones as opposed to other polytopes with the same f-vector. The forth polytope is represented by the sequence (0, 1, 0, 1,  0, 1, 0, 1, 0, 1, 1, 1, 1, 1) . It has f-vector (9, 36, 80, 103, 72, 22) and its incidence matrix has no column with 12 ones as opposed to other polytopes with the same f-vector.
Polytopes with a small number of facets
The minimal and the maximal numbers of facets of 2-neighborly 0/1-polytopes listed in Table 6 . As can be seen, there is a 2-neighborly 7-polytope P 14,16 with 14 vertices and 16 facets. In Figure 1 , we list vertices of P 14, 16 . As far as we know, any other 2-neighborly polytope (except a simplex) has the property (facets − vertices) ≥ 3. 2N 2 (d − 1) and given some estimations for d ≤ 10. By using Algorithm 1, we improve these estimations (see Table 7 ).
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